A Cornu spiral is a plane curve having a linear curvature proÿle. This paper considers plane curves having rational linear curvature proÿles. These curves are deÿned to be generalised Cornu spirals (GCS) and are quality curves in the sense that they are continuous and smooth, can contain one in ection at most, and have a bounded and monotonic curvature proÿle. In addition, the GCS has an extra degree of freedom over the Cornu spiral that is available for shape control. Starting from the intrinsic equation of the GCS, the technique of curve synthesis is used to design a quality curve that can be applied to a wide range of span generation problems.
Introduction
Over the last 25 years, there has been an increasing interest in the synthesis of curves and surfaces for Computer-Aided Design. This has stemmed from engineers wanting to design surfaces with guaranteed geometric properties, rather than the more customary, and time-consuming, practice of constructing a surface and then interrogating and reÿning it until it has the necessary characteristics [9] . In other words, engineers want to ensure quality by design.
Much of the current research was initiated by Nutbourne et al. in 1972 [10] . They developed a technique for constructing plane curves by integrating their curvature proÿles. The work is based upon the Fundamental Theorem for Space Curves which states that if two single-valued continuous functions Ä(s) and (s), s ¿ 0, are given, then there exists a unique space curve r(s), determined up to a rigid-body motion, for which s is the arc-length, Ä the curvature and the torsion [14] . Setting (s) = 0, the theorem can be applied to plane curves. Various curvature proÿles were investigated in [10] and applied to several span generation problems.
There has been particular interest in linear curvature segments which correspond to arcs of Cornu spirals. Pal and Nutbourne [12] proved that at least two linear curvature segments are required to interpolate end points, tangents and curvatures, and discussed quality issues for solutions with two and three segments. Schechter [13] presented an interactive approach requiring up to ÿve segments for a satisfactory span synthesis. More recently Meek and Walton [7] have presented an alternative solution with conditions for existence and uniqueness.
This paper presents a practical engineering solution to the span generation problem, using a single arc from a generalised Cornu spiral (GCS) [2] . The GCS has a rational linear curvature proÿle and, by deÿnition, is more versatile than the Cornu spiral in shape description. It is a quality curve in the sense that it has a monotonic curvature proÿle [3, 6] . However it is not in general possible for a GCS (nor any curve with a monotonic curvature proÿle) to interpolate speciÿed end points, tangents and curvatures. For example if the two end curvatures are equal then the blend curve must be a circular arc which is unlikely to be geometrically consistent with the endpoints and tangents. In engineering applications it is often preferable to resolve such inconsistencies by introducing small discontinuities in curvature [4] rather than comprising the monotonic variation of curvature. Consequently, the GCS construction in this paper matches the end points and tangents but only approximates the end curvatures.
Intrinsic equation of a curve
Without any loss of generality, this paper considers arc-length s parametrised curves lying in the xy plane, i.e., r(s) = [x(s) y(s)], 0 6 s 6 S, where S corresponds to the total arc-length. For plane curves, it is straightforward to deÿne the unit tangent vector t(s), the unit normal vector n(s) and the (signed) curvature Ä(s) directly from r(s) using
; where a positive Ä(s) corresponds to a counter clockwise rotation of the tangent.
Conversely, for a given curvature proÿle Ä(s), 0 6 s 6 S, it is possible by successive integrations to determine t(s) and r(s) up to a rigid-body motion [14] . This process is referred to as curve synthesis.
Let Â(s), 0 6 s 6 S, be deÿned as the (signed) angle (in radians) from the positive x axis to t(s) such that
where
Integrating again gives
Eq. (2) thus provides the equation of the curve from its curvature proÿle. The integrals contained in the above equation, called Fresnel integrals, cannot be integrated in general and numerical techniques are required to generate points on the curve (cf. [10, 1] ).
Generalised Cornu spiral
A GCS is deÿned to be a curve having a rational linear curvature proÿle [2] . In its normalised form, Ä(s), 0 6 s 6 S, is given by
where p, q, r (¿ − 1) and S (¿ 0) are the free parameters of the arc. The above form degenerates to Logarithmic and Cornu spirals when q = 0 and r =0, respectively. Note that r ¿ − 1 ensures Ä(s) is well behaved and continuous over 0 6 s 6 S. The GCS can in ect at most once, at s =−p=q. Di erentiating Eq. (3) with respect to s gives
Since dÄ(s)=ds, 0 6 s 6 S, does not change sign then Ä(s) is monotonic with respect to arc-length and hence bounded by its end values p=S and (p + qS)=(1 + r)S, respectively. In addition, Ä(s) is di erentiable (smooth) since dÄ(s)=ds is continuous.
As noted at the end of the previous section, there is no explicit curve equation for the GCS unless the curvature proÿle is linear [10] , i.e., r = 0. Suppose r = 0, then Eq. (3) can be integrated to give
and Eq. (2) has to be integrated numerically. The four available degrees of freedom, namely p, q, r and S, together with the predictable nature of the in ection, should provide su cient exibility for a wide range of shapes. In the next section, the span generation problem is framed with respect to the GCS.
Span generation
The GCS has proven shape qualities and is therefore an ideal candidate as a blend or transition curve [6] . This section formulates the span generation problem with respect to the GCS.
Consider two distinct points r 0 and r 1 with speciÿed unit tangent vectors t 0 and t 1 and speciÿed curvatures Ä 0 and Ä 1 . Suppose Â 0 and Â 1 are associated with t 0 and t 1 respectively. The ideal solution to the span generation problem is a single curve segment r(s), 0 6 s 6 S, that matches the data at its ends. Note that, as yet, the length of the span S has not been speciÿed. The problem is approached from an intrinsic perspective, hence the curvature constraints are ÿrst considered, followed by the tangent and then the position constraints.
For the GCS to match the end curvatures, Ä(s) must satisfy Ä(0) = Ä 0 and Ä(S) = Ä 1 . Substituting into Eq. (3) gives
which eliminates p and q and leaves only r and S as free parameters. Since r controls the curvature proÿle and hence the shape of the GCS, it is referred to as the shape-factor. 
is a continuous function of s provided r = 0. Expanding ln (1 + rs=S) as a Maclaurin series and then substituting into the above expression gives
for |rs=S| ¡ 1. It is clear that the limit of m(s) is well deÿned as r approaches zero, hence m(s) is a continuous function.
Provided Ä 0 = Ä 1 , then Eqs. (1) and (6) can be equated to give an alternative expression for m(s), i.e.,
Now both Ä(s) and m(s) can be considered to be continuous functions of r as well as s, i.e., Ä(r; s) and m(r; s). Partial di erentiation of Eq. (5) with respect to r gives
which is also a continuous function of r and s, hence Leibniz's rule [15] can be applied to give
i.e., @m(r; s)=@r ¡ 0, r ¿ − 1 and 06s6S. This implies m(r; s) is strictly single valued (monotonic) with respect to r and since the limits of m(r; s) as r approaches −1 and ∞ are s=S and 0 respectively, then 0 ¡ m(r; s) ¡ s=S.
For the GCS to match the end tangents, Â(s) must satisfy Â(0) = Â 0 and Â(S) = Â 1 . Substituting into Eq. (6) gives
This expression constrains the arc-length S.
which corresponds to a circular solution, i.e., a GCS with r = 0; when Ä 0 = Ä 1 , S must satisfy
since 0 ¡ m(S) ¡ 1, and the GCS matching the end tangents and curvatures has the unique shapefactor r satisfying
Integrating Eq. (6) (cf. Eq. (2)) gives
Finally, for the GCS to match the end points, r(s) must satisfy r(0) = [x 0 y 0 ] and r(S) = [x 1 y 1 ]. Substituting into Eq. (11) gives
and
Eqs. (12) and (13) can both be rewritten as nonlinear equations in r, using Eqs. (7) and (10) . They are unlikely to have a common solution, since x 1 and y 1 can be varied independently. This conÿrms that a single GCS cannot in general match the speciÿed end points, tangents and curvatures. However, a practical solution is presented in the next section in which the end curvatures are only approximated. In curvature approximation it is more meaningful to consider percentage errors rather than absolute errors. As a rule of thumb, a 5% discrepancy in curvature is just visible irrespective of the curvature value. Consequently, the general aim of the GCS construction is to minimise the percentage discrepancies in the end curvatures, and the expectation is that for well-conditioned data the discrepancies will be small. Ä 0 and Ä 1 were introduced as the speciÿed end curvatures but throughout this section they have also denoted the end curvatures of the GCS. Now that GCSs are to be constructed which do not necessarily match the speciÿed end curvatures, there is a need to clarify the notation. For consistency with all the numbered equations in this section, Ä 0 and Ä 1 are deÿned as the end curvatures of the GCS. Indeed, Eq. (5) can be taken as the deÿnition of a GCS; with Ä 0 , Ä 1 , r ( ¿ − 1) and S ( ¿ 0) being the free parameters of the arc. Consequently, in the next section, the values of Ä 0 and Ä 1 are initially assigned to match the speciÿed end curvatures but are subsequently adjusted by a minimal amount so that the GCS matches the end points and tangents.
A practical solution to span generation
Without any loss of generality, the problem is approached via the special case where r 0 is the origin and t 0 is the unit vector in the direction of the positive x axis, i.e., x 0 = y 0 = Â 0 = 0. It is noted that the span data can be translated and rotated so that these conditions are satisÿed and, after construction, the GCS can be transformed back to the original datum. For convenience, it is assumed that the span data satisÿes (r 1 − r 0 ) · t 0 ¿ 0 and t 0 · t 1 = − 1 and the GCS does not turn through more than radians, hence x 1 ¿ 0 and − ¡ Â 1 ¡ .
Let , − =2 ¡ ¡ =2, be the (signed) angle (in radians) from the start tangent vector t 0 to the chord vector r(S) − r 0 on the GCS. Then, using x 0 = y 0 = Â 0 = 0,
Suppose
and x(S) ¿ 0, then the arc-length S and the curvature proÿle Ä(s) can be scaled to ensure Eqs. (12) and (13) ; then the scaled values are given by S= and Ä(s) [10] . The shape-factor r is invariant under scaling [2] . Consider the constant curvature proÿle corresponding to Ä 0 = Ä 1 = Ä. From Eqs. (11) and (14), this curvature proÿle corresponds to
and is not dependent on Ä. This suggests the following algorithm for span generation. If Ä 0 = Ä 1 and Â 1 =2 = tan −1 (y 1 =x 1 ), i.e., the end points, tangents and curvatures are consistent with a circular solution, then the GCS can be constructed. Now suppose Ä 0 = Ä 1 but Â 1 =2 = tan −1 (y 1 =x 1 ), then either Ä 0 or Ä 1 needs adjusting to ensure there is a solution since it can be assumed both the end points and tangents are ÿxed. When Ä 0 = Ä 1 , ranges for S and r can be determined from Eqs. (9) and (10), respectively. The m¿0 pairs of values of r and S satisfying Eq. (15) could possibly be determined using a search routine. If m ¿ 0, construct the GCS with nearest to unity. This corresponds to the one that minimises the percentage discrepancies in end curvatures. If m = 0, adjust the end curvatures by the minimum amount until m ¿ 0.
Although the above algorithm is conceptually simple, there are computational aspects that make it di cult to implement. These usually result from the span data being ill-conditioned. This has led to the development of a practical two-part solution. It ÿrst attempts to ÿnd an exact solution up to a constant scaling of S and Ä(s) by ÿxing Ä 0 and Ä 1 and calculating a value for S. If unsuccessful, it then ÿnds an approximate solution by assigning S and calculating new values for Ä 0 and Ä 1 .
The algorithm ÿrst checks for a circular solution, that is, if Ä 0 = Ä 1 and Â 1 =2 = tan −1 (y 1 =x 1 ), then the GCS is constructed. If there is no circular solution and Ä 0 = Ä 1 , then a range for the arc-length S a 6S6S b is calculated using the bounds in [8] . This range is based on the two circular arcs that interpolate {r 0 ; r 1 ; t 0 } and {r 0 ; r 1 ; t 1 } respectively and gives reasonable bounds on S. For stability reasons, the algorithm calculates 0 = 0:9Ä 0 + 0:1Ä 1 and 1 = 0:1Ä 0 + 0:9Ä 1 . Provided 0 and 1 span Â 1 =S, i.e., ( 0 −Â 1 =S)(Â 1 =S − 1 )¿0, for all values of S in S a 6S6S b , then a range for the shape-factor r a 6r6r b can be calculated using Eq. (10) and the values of corresponding to r a and r b , i.e., a and b , can be calculated. If ( a −tan −1 (y 1 =x 1 ))(tan −1 (y 1 =x 1 )− b )¿0, a successive bisection routine is used to ÿnd the value of r a 6r6r b satisfying Eq. (15) and then a GCS can be constructed.
If an exact solution has not been found, then an iterative routine is used to adjust Ä 0 and Ä 1 until a solution is found. Appropriate values for S = (S a + S b )=2, Ä 0 and Ä 1 are ÿrst assigned before the iteration can begin. Since there is no circular solution, then either Ä 0 or Ä 1 needs adjusting if Finally, if 0 = 1 = Â 1 =S, then Ä 0 and Ä 1 are adjusted using
where Ä ¿ 0 is some user-set curvature tolerance. Experiments have shown that Ä = 0:000005 gives reasonable results. When 0 = 1 , the adjustments have arbitrarily ensured 0 ¡ Â 1 =S ¡ 1 . It is easy to prove that these adjustments give
It is possible that Ä 0 and Ä 1 are still inappropriate for span generation. If ( − Â 1 =2)(Â 1 =2− tan −1 (y 1 =x 1 )) ¿ 0, then the curvature proÿle needs re ecting about Â 1 =S, i.e., Ä 0 and Ä 1 need adjusting to Ä 0 and Ä 1 using
In essence, the condition checks whether the current chord angle and the desired chord angle tan −1 (y 1 =x 1 ) span the circular chord angle Â 1 =2. If this is the case, then re ection of the curvature proÿle ensures and tan −1 (y 1 =x 1 ) are to the same side of Â 1 =2. It is proved in the appendix that this re ection gives ( − Â 1 =2)(Â 1 =2 − tan −1 (y 1 =x 1 )) ¡ 0. The iteration loop is now described for ÿnding the GCS. It aims to balance the changes to Ä 0 and Ä 1 so that they are both adjusted by proportionally the same amount. Ä 0 is ÿrst ÿxed and a value Ä 1 found using the method of false position to construct a GCS whose chord angle lies nearer the desired chord angle tan 
and the iterative process repeated. The loop terminates if Ä 0 = Ä 0 and Ä 1 = Ä 1 : this suggests that either the point or tangent data is inappropriate for the problem. Note that at any stage the loop can be exited if Eq. (15) is satisÿed and the GCS constructed. Table 1 gives seven examples of the GCS construction algorithm using r 1 = [90:1879 38:0816], t 1 = [0:7542 0:6567]. The table gives the initial curvatures for each GCS, together with the ÿnal curvatures, the shape-factor and the overall arc-length. GCS 1 is an exact solution, while the other six are approximate solutions. As a sequence, GCSs 2, 1 and 3 illustrate that a proportional change to both initial curvatures results in an approximately proportional change to both ÿnal curvatures. This is to be expected since the algorithm attempts to balance the proportional changes to the curvatures at each stage. As a sequence, GCSs 3, 4 and 5 have the same initial Ä 0 , but decreasing values for Ä 1 . Again, the algorithm behaves in a predictable manner with the ÿnal curvatures varying almost proportionally. It can be deduced therefore that the algorithm is stable with respect to small changes to the initial curvatures provided the curvature estimates are reasonable. The last two GCSs demonstrate that the algorithm is robust and can cope with ill-conditioned span data. Ideally, the curvature proÿle needs re ecting for GCS 6 and the sign of Ä 0 needs changing for GCS 7.
Example
Finally it should be remarked that for all the well-conditioned sets of span data, the extra shape control of the GCS enables the speciÿed end curvatures to be matched within 2%, and the discrepancies are not detectable by eye. However the discrepancies using a Cornu spiral would be much larger and visible in GCSs 4 and 5.
Conclusions
This paper has introduced the generalised Cornu spiral. In particular, the curvature proÿle of a Cornu spiral has been generalised from a linear to a rational linear function of arc-length. This gives one additional degree of freedom that can be used to control the shape of the curve. It has been demonstrated that the GCS provides a one-parameter family of solutions to the simpliÿed span generation problem when the curvature constraint is relaxed.
The algorithm described in this paper has been extended to three dimensions by considering two planar views of the span data and constructing GCSs in each of these planes. When combined using parallel projections, the resulting space curve is expected to be a quality curve since the two planar GCSs are themselves quality curves. The algorithm works well in practice provided the span data is nearly planar, that is, the torsion proÿle is insigniÿcant. However, no consideration has been given to the resulting curvature proÿle on the three-dimensional GCS due to the construction based approach rather than an analytic one.
The Fundamental Theorem for Space Curves states there is a unique space curve, determined up to a rigid body motion, corresponding to given curvature and torsion proÿles [14] . In essence, this curve is the solution to the system of three simultaneous ÿrst-order di erential equations known as the Serret-Frenet equations. A more direct approach to the three-dimensional problem therefore would be to solve the so-called Ricatti equation that is the general solution to the Serret-Frenet equations. This was established over a hundred years ago by Darboux [5] and seems worthy of further consideration. The ÿrst two cases are proven here and then the other two follow mutatis mutandis.
(i) − =2 ¡ f a (t) ¡ f b (t) ¡ f c (t)60: Let t ¿ 0, then 0 ¡ cos f a (t) ¡ cos f b (t) ¡ cos f c (t) and sin f a (t) ¡ sin f b (t) ¡ sin f c (t)60, since the cosine function is positive, the sine function is negative and both functions are strictly increasing in (− =2; 0]. Hence, 0 ¡ cos f a (t) ¡ cos f b (t) ¡ cos f c (t) and sin f a (t) ¡ sin f b (t) ¡ sin f c (t)60 for all t ¿ 0. This implies, since S ¿ 0, that 
